INTRODUCTION
This paper is concerned with the asymptotic behavior as c-+ 03 of the eigenvalues h of the integral equation &h(y) = + j) (x) sin;M-$ dx (I y I < c).
It will be convenient to change ( (1) A well-known variational principle says that the maximum of the expression (4) for F varying in L2( -a, u) subject to (3) is attained when F is equal to an eigenfunction of (2) belonging to the largest eigenvalue /\s of (2), and further A, = max s a / G(t) I2 dt.
-a (The existence of eigenvalues and eigenfunctions of (2) is assured by the general theory of integral equations with symmetric Dkernel.) The problem of maximising (4) under the condition (3) is of some engineering interest and has therefore been treated by several authors [l-4] . In particular, it was found that the eigenfunctions of (2) are closely related to a known system of special functions, the prolate spheroidal wave functions. A summary of the known results which will be required later is given in Theorem A of Section I.
An investigation of the eigenvalues of (1) is of interest also, because (1) is a convolution integral equation of the form
Equations of this type, and in particular the behavior of their eigenvalues as c---f a have been intensively studied by H. Widom, S. Patter, and many others (see [5] and literature cited there). In all of this work it is assumed that K(u) EL( -m,m) and that the Fourier transform K(u) of R(u) has a dominant maximum at v = 0, where
as v -+ 0. Under these hypotheses the asymptotic behavior of the mth eigenvalue of (5) is given by
where /3,,, is independent of c. For the equation (1) the hypotheses which were mentioned above are not satisfied:
is not in L( -03, -) and
The eigenvalues of (1) h s ow a behavior which is quite different from the behavior described by (6) . I shall prove Throughout the proof the letter K will stand for a positive number independent of a, but possibly depending on n. The value of K need not be the same at every occurrence.
I. SUMMARY OF KNOWN RESULTSANDTHE DIFFERENTIAL EQUATIONFOR~,.
The following theorem summarises known results about the eigenvalues and eigenfunctions of the integral equation (2).
THEOREM A. The eigenvalues of (2) form a denumerable set A,, , A, , **. where By means of (1.3) fn(t) is de$ned as an entire function of the complex variable t.
Write L for the differential operator
The eigenvalue problem
has eigenvalues y(t) continuous for all real t, O<X~<,y1<"'.
The corresponding eigenfunctions are fo(t), fJt), *.a respectively. As a-+00
If the parameter a is allowed to vary, then fn(t) = fn(t, a) is a continuous functionoftandain--<t<<,a>l.
All the statements of Theorem A with the exception of (1.6) and the final remark are proved in [3] . It is also shown there that fn(t) is expressible in terms of prolate spheroidal wave functions. In the notation of [6] f%(t) = fn(t, a) = (2n + ' "' 7) 2% ($ a4) ,
The last remark of Theorem A follows at once from the stronger statement that ps,,(u; 7s) is an entire function of the two complex variables u and y2 [6, p. 2211 . And (1.6) follows from the asymptotic development of h,(a4) given in [6] , Chap. 3, Theorem 9, p. 2431 (here y = a2, m = 0). The same theorem also yields the asymptotic expansions 
b-a
That is to say that dp,,jda exists and dpn x = 2hf,2(a, a).
FUCHS
The lemma follows on multiplying both sides by 211, and remembering A, = pi . It is now easy to derive the behavior of h, as a -+ 00 by integration of (1.12), provided a sufficiently accurate approximation to fJa, a) is known. The estimate (1.9) is not sufficient for this purpose.
II. ASYMPTOTIC EXPRESSIONS FORK,
An estimate off,"(a) will be obtained by the comparison of two different asymptotic expressions for fn(iu) ( w + m), one derived from (1.3), the other from an application of the WKB method to the differential equation satisfied bYfn* LEMMA 
As w+ + CO inpn fn(iw) = f --&f%(a) G + O(ea%-2). (2.1)
PROOF. In (1.3) put t = iw. Two integrations by parts on the right hand side of the resulting equation combined with the fact that fn( -a) = -l f,(a) yield the result. .
The next lemma shows that the approximation (1.9) to fn(t) is applicable to imaginary values of t in a certain range. 
Returning again to (2.10) and integrating and continuing in this fashion leads to Y(t) <*kp(;;;;i '2v Y(t) + c-2 m(t) ~l"z-l~;;)'! t '2z .
Therefore, using (2.7) and (2.8),
< KU-~ 1 t lnf2 exp {& 1 t la + K I t I"} (1 < 1 t 1 < 2-%).
Since Y(t) increases with 1 t I, we have in 1 t 1 < (log a)"3 (2.12)
As a -+ 03, the right hand side of (2.13) tends to 0. Therefore, in the circle which is (2.2). To obtain (2.3), use (2.13) in (2.9) to obtain y'(t) = o(l), then differentiate (2.14). 
